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Abstract—The problem of approximation to large-scale
Boolean networks is considered. First, we assume a large-
scale Boolean network is aggregated into several sub-networks.
Using the outputs(or inputs) of each sub-network as new state
variables, a new simplified time-varying network is obtained.
Then a time-invariant Boolean network is used to approximate
each subsystem. Observed data are used to find the best
approximating dynamic models. Finally, the aggregation method
is investigated.

Index Terms— Boolean network, Aggregation, Approxima-
tion, Modularity.

I. PRELIMINARIES

Accompanying the development of the systems biology the
interest in Boolean networks is rapidly increasing, because
the Boolean network, introduced firstly by Kauffman [1], has
been proved to be very powerful in modeling and quantitative
description of cell regulation [1], [2], [3], [4], [5], [6]. There
are two major obstacles in applying this model to real bio-
logical problems. The first one is that the dynamic model of
Boolean networks is a logical process. Unlike quantity-based
process, which can be described by differential equations or
difference equations, there are less mathematical tools for
logical process. Another difficulty lies on the computational
complexity. In general a real molecular network has large
number of nodes, it is very difficult, if not impossible, to
produce a precise model to describe it and further analyze
and control it. It has been pointed out that the computation
complexity of Boolean network related problems are NP hard
problem [7]. In fact, precise model can only be used to deal
with some simple genic networks such as yeast cell network
[8].

Recently, a new approach called the linear representation
of Boolean networks was proposed to convert the dynamics
of a Boolean network from its logical form into an algebraic
form [9]. Under the algebraic form the dynamics of a Boolean
network becomes a standard discrete-time dynamic systems,
which involves no logical operators any more. Hence, the
conventional tools, dealing with discrete-time systems, are
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applicable to Boolean networks. This approach has been suc-
cessfully applied to solve several important problems about
the structure analysis and synthesis of Boolean (control)
networks [10].

To describe this approach, we first introduce some nota-
tions.

1) M, xn: the set of m x n real matrices. When m =n
it is briefly denoted as M,,;

2) Col(A) (Row(A)): the set of columns of A, Col;(A)
(Row;(A)): the i-th column (row) of A;

3) 4%: the i-th column of the identity matrix I,,;

4) D:={0,1};

5) Ay A; = Col(1,);

6) A € My,xn is called a logical matrix, if Col(A) C
A, the set of m x n logical matrices is denoted by
Lonxns

7) A logical matrix A = [§i} 02
denoted by A = d,,[i1, - ,in)-

8) A matrix A = (a;;) € My,xn is called a Boolean

§in] is briefly

matrix if its entries a;; € D, i = 1,---,m, j =
1,--- ,n. The set of m xn Boolean matrices is denoted
by Bisn-

9) Let A = (ai,;) € Bpmxn. The Hamming weight of A
is the number of its nonzero entries, denoted by

A == Haijla;; =1, 1 <i<m, 1 <j<n}.

The basic tool for this approach is the semi-tensor product
of matrices [11], which is a generalization of the conventional
matrix product, defined as follows.

Definition 1.1: Let A € My« and B € My, . Assume
the least common multiple of n and p is ¢t = lem{n, p}. Then
the semi-tensor product of A and B, denoted by A x B, is
defined as

<A®It/n) (B®It/p) . (1
Remark 1.2: Throughout this paper the matrix product
is assumed to be the semi-tensor product. Since it is a
generalization of conventional matrix product, the symbol x
is mostly omitted, unless we should like to emphasize it.
A logical variable = can take values from D. A logical
function f(x1,--- ,x,) is a mapping f : D" — D.
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Identifying 1 ~ 63 and 0 ~ 43, we have vector form z €
Ay and f: AL — As. In vector form, define x = X}, x;,
then we have the following fundamental result.

Proposition 1.3: Given logical function f(z1, -+ ,%n).
There exists a unique logical matrix, My € Lgyxon, such
that in vector form we have

flxy, -, xp) = Myx. 2)
Next, we consider a Boolean network. In general, the
dynamics of a Boolean network can be expressed as

zi(t+1) = fi(zi(t), - 2a(t))
: 3)
Tt +1) = fu(1(t), - 2n(t)),

where f;, i =1,--- ,n are logical functions.
Using Proposition 1.3, we can express (3) into its
component-wise algebraic form as

: C))
Tn(t+1) = Lyx(t),

where L; € Loxaon is the structure matrix of f;, i =1,--+  n.
Multiplying the n equations in (4) together yields the
algebraic form of (3) as [10]

z(t+ 1) = Lz(t), Q)

where
L=Li*Lyx---%0L,,
“*” is the the Khatri-Rao product [12]. That is,
COll(L) = K;‘lzl COL(L])7 1= 17 M.

L is called the transition matrix of the network.
We give a simple example to illustrate it.
Example 1.4: Fig. 1 depicts a Boolean network.
Its dynamics is described as
.Tl(t + 1) = Ig(t) A Ig(t)
xg(t + ].) = _‘Il(t) (6)
xg(t + ].) = Zg(t) \Y $3(t)

Fig. 1.

A Boolean network
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It is easily verified that the network (6) has its component-
wise algebraic form as

a1 (t+1)=6,[12221222x(t)
zo(t+1)=6,[22221111]2(t) )
z3(t+1)=38[11121112z().

Multiplying three equations in (7) yields the algebraic form
(5) of network (6) with its transition matrix matrix

L=1065[37781556].

The algebraic form (5) of a Boolean network is very pow-
erful in investigating its properties and its control designs.
In fact, since the transition matrix is unique, we can design
or manipulate a system by determine or change its transition
matrix.

Under the framework of algebraic form, this paper aims
at reducing the computational complexity of a large-scale
Boolean network by approximating it by a simplified net-
work. First, assume the network is aggregated, and time-
invariant networks are used to approximate each aggregated
sub-networks. Secondly, the modularity proposed in [13],
[14] is used to aggregate the system.

The paper is organized as follows: Section 2 considers
the expression of the simplified network, assume the net-
work is aggregated. Using observed data, section 3 provides
a approximation to each sub-network by a time-invariant
Boolean network. Section 4 reviews the method to aggregate
a network. Section 5 is a brief conclusion.

II. TRANSFER MATRIX OF AGGREGATED NETWORKS

Consider a Boolean control network. Its dynamics can be
expressed as

r(t+1) = fl(xl(t)v T 7In<t)7u1(t): e 7um(t))

zn(t"' 1) = fn(xl(t)’ vxn(t)vul(t)f" 7um(t));

yj(t):h](azl(t), 7xn(t)), j=1,-,p,
(®)
where x;, i = 1,--- ,n are state variables, uy, k =1,---,m
are inputs (or controls), and y;, j = 1,--- , p are outputs.

Using a similar technique as for Boolean network, we can
get the algebraic form of Boolean control network (8) as It
can be expressed into its algebraic form as

z(t+1) = La(t)u(t)
y(t) = Ha(t),

where z(t) = XD qz;(t), u(t) = x2u(t), yt) =
K?:lyi(t)’ Le £2n><2n+7n, and H € Lopyon.

For a control system people are mainly interested in the
input-output mapping. Hence, a control system is commonly
considered as a black box. (see in Fig. 2)
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Fig. 2. A Boolean control network

Ignoring the internal variables “x;(x)”, we have the input-
output dynamics as Then we have

y(t +1) = HLx(t)u(t) := L(t)u(t). (10)

where

L(t) = HL.Z‘(t) € Lopyom (11)

is the input-output transition matrix, which is a time-varying
matrix.

In general, p, m << n. Hence, when we use input-output
description, the size of the dynamics could be tremendously
reduced. This is the motivation of our approach.

Consider Boolean network (3) again. Assume it is aggre-
gated into s blocks. That is, there is a partition of states as

{x17$2,"' 7xn}:EIU22UU29

Each block ¥; has out-degree p;, i =1, - - -
its outgoing variables by

, s, and we denote
yL:{yin§77y;)1}7 7;:17"'75'

Fig. 3 depicts this aggregation.
Remark 2.1: 1) yj- is also a state variable. That is,

Y:{y; | 2217 y 83 .7:1’7177,}
CX :={x1,29, - ,xn}.

Fig. 3.

Network Aggregation

2) Let {uf, -~ ,ul} be the inputs to X;. Since each
output of a sub-system >3; is the input of another sub-
system X; and vise versa, we have

{u; | i=1,---,8 j=1,--- 7(]i}:Y~
We call the variables in C' the connecting variables. We
aggregate the overall network in such a way that the number
of connecting variables is as small as possible. Then we can
have the dynamics about variables in C' as follows.

y'(t+1) = Ly (t)u' (t)

?/ (t+1) = La(t)u(t) 12

Y (t+1) = Ls(t)u(t),

where, to avoid notational mess, we also use yi for yi =
x¥L 5, and y* for u’ = xJL uf. We call (12) the dynamics
of the aggregated system. Since we aggregate the system in
such a way that |C| << n, (10) has a much smaller size than
the original system.
We use an example to illustrate the aggregated system.
Example 2.2: Consider the following network.

fL‘l(t + 1) = l‘g(t) V I4(t)
xo(t+ 1) = x3(t) A as(t)

23(t+1) = z1(t) < 22(t)

za(t +1) = (21(t) V 25(t)) — ws(t)

$5(t + 1) = _|1’4(t) V Iﬁ(t)

Ig(t + ].) = 1‘4(t) N $5(t) (13)
£E7(t + 1) = x7(t)\7$9(t)

.Z‘g(t + 1) = l‘4(t) s l‘7(t))

xo(t+ 1) = xg(t) V x10(t)
xm(t + 1) = _‘.%'7(t).

Now assume we aggregate the system into 3 subnetworks
as:

{"B171'275133} € E17 {.’1}'4,(,5’57"[6} S 227

Now for outputs of each subsystem are
Cz{ylzfﬂh y2:z4, y3=9€8}-

Then the system (13) can be expressed into its aggregated
form as
YLt +1) =02[1 111111 2xa(t)y?(t)y3(¢)
= Liy*(t)y’ (t)
vA(t+1)=0[1212121 1zs(t)y ()3 (2) (14)
= Loy (1)y*(t)
YAt +1) = 81 12 Uae (6)y2(1) = Lay?(1).

We refer to Fig. 4 for the description.
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Fig. 4. Aggregated system

III. MODEL APPROXIMATION

Consider the dynamics (12) of the aggregated network.
Now the problem is how to find the time-varying transition
matrices L—, i=1,---,s. We use Example 2.2 to show this.

Example 3.1: Consider Example 2.2. Choosing X, =
(1,1,0,1,1,0,1,0,1,1), it is easy to calculate that for T" =

0,1,2,---, we have
~ 021111}, t=8T, t=8T+2
Ly — {2 IR )
da[1 11 2], Otherwise;
52[1212], t=8T, t=8T+2,
Ly(t) = t=8T+5, t=8T+7 (16)
02[1 11 2], Otherwise;
52[11], t=8T, t =8T +2,
Ls(t) = t=8T+5, t=8T+7 (17)
d2[2 1], Otherwise.

In fact, since (13) has a unique attractor as

(1101101011) — (1010010110) — (0101101111)

T +
(1001101011) (1001010110)
T 4

(1000010110) «<— (0001101111) « (1011010110)

Then we know that for any initial state, after certain time
(transient time), (15)-(17) are always true. (replacing ¢ by
t + ko for certain kg > 0.

But in general, it is very difficult, if not impossible, to find
L;(t). In fact, for a large or huge network, it is even hard
to know the dynamic model of the overall network. Then an
approximation is necessary.

We consider a general time-varying Boolean network

z21(t+1) = fi(t,z1(t), -+, z5(¢))
: (18)
zs(t + 1) = fs(tv Zl(t)v T ,Zs(t)),

where f;,i=1,--- s, are time-varying logical functions.

In this sub-section, we consider to use a time-invariant
model to approximate it. Consider the following model

Ht41) = filz(t), -, 2(t))
: (19)
Zo(t+1) = fo(21(0),- -, 2s(1)).

Assume the time-varying Boolean network (18) is approx-
imated by a time-invariant Boolean network (19).

Our purpose is to choose an approximation model, which
makes the error probability as small as possible.

As aforementioned, for a large or huge network, it is very
hard to know the dynamics of the overall network. So we
assume we have some observed paired data as

D:{(dk76k)|k:1727"' aN}a (20)

where dj and ej are two observed data for two adjacent
moments ¢ and t+ 1 respectively. Precisely, there is a moment
t such that (in vector form)

di = X;_1zi(t), er=X;_q1zi(t+1).
For statement ease, we denote
Dy = {di|(dy,er) € D}. 21
Denote the algebraic form of (19) as
Z(t+1) = Li(t), (22)
where L € Losy9s. Then L is determined by

> (lzzpvagall) oo @3

zgr€Dg

L* =arg< L| min
LELys s

In fact, a more precise approach is the component-wise ap-
proximation. Assume (19) has its component-wise algebraic
form as

Then,

ST (L)) ¢

Z?‘EDQ

LY =arg< L;| min
‘ L;€Lox2s

1=1,---,s.
(25)
We consider how to find L*. (Since L; can be found in
the same way, we ignore it here.) Split Dy into 2° groups as
E; ={dy € Do|dy =65, }, i=1,---,2° (26)
Assume

E; # 0,

If (27) is not satisfied, we say that the data D are not enough.

i=1,---,2° 27)
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Split F; into 2° subsets as

EJ = {ek = (5%5

?

dkeEi}, i =1, 2%

} . (28)

Note that it is easy to see that j;° always exists, but it may
not unique.

The following result is an immediate consequence of the
construction.

Theorem 3.2: Let the structure matrix L* of the best
approximated model be as in (23) and j; are calculated as
in (28). Then

Then we set

Ji
Ei

max
1<j;<2¢

Ji = arg {ji

L*=1[j1 js -+ Jal- (29)
Example 3.3: Consider the follows system

J]‘l(t + 1) = Z’Q(t) AN Ig(t)

'3399(15 + 1) = z100(t) A z101(%)
z100(t +1) = = (z101() A z102(2))
517101(t + 1) = (xIOQ(t) \4 x103(t))

;6199(t +1) = = (@200(t) V 2201 (t)) (30)
T200(t + 1) = = (2201 (t) V T202(1))
2201 (t + 1) = = (x202(t) = @203(t))

To98(t + 1) = — (2209(t) = 300(1))
Iggg(t + 1) = Igoo(t) VAN Il(t)
z300(t +1) = = (21 (t) Aa(t)) -

Assume we aggregate it into three sub-systems as follows:

Then the connecting elements are

C = {y1 = 101, Y2 = T102, Y3 = T201,
Y1 = To02, Y5 = T1, Yo = T2}

Setting y' = y1y2, ¥ = ysys, ¥° = ysys, we have the
following component-wise algebraic form as

y'(t+1) = Liy*(t)

YAt +1) = Lay®(t) (€20)

Y3t +1) = Ly (t),
where L; € Loyx4, i = 1,2,3. Since the model (30) is

known, we can choose x(0) as the initial states arbitrary and
calculate the corresponding x(1). Then take the projection

TABLE I

OBSERVED DATA
BN T 2 s 4
1 4 2 1 17

2 775 764 360 912
3 691 800 356 930
4 3342 84876 2185 3885

_ a. B for Ly
[iNEIN [ 2 3 4
1 0 311 312 62527
2 0 12 8 223
3 0 15 14 322
4 0 2444 2421 31291
_ b. E for Lo
BN 12 s
1 307 7 5 4515
2 62303 205 302 23557
3 303 5 3 2619
4 313 7 6 5443
c.E! for L3
2x(0)|¢ = di and zx(1)|c := e as the observed data.

Since every trajectory will enter a cycle, the data may not be
enough if the cycle and the basin are not long enough. Thus,
we can choose another initial state and finally add all |EY |
of the data with different initial states.

In this example, we choose the initial states randomly for
100 times, each time we observe 1000 data. The observed
data is as in Table 1.

Thus, L1, Lo, and L3 can be determined as

Ly =6,44472]
Ly =0,[4444]
Ly =06,4144].

IV. CONCLUSION

In this paper, we considered an aggregation-based approx-
imation to large-scale Boolean network. If the network is
aggregated to several sub-networks, we obtain a simplified
network using the outputs(or inputs) of each sub-network as
new state variables. However, it is difficult to find the precise
expression of the simplified network. Then a time-invariant
Boolean network is used to approximate the network, using
the observed data. Finally, an aggregation method which
maximizes the modularity is reviewed.

The results in this paper is very elementary and heuristic.
But it might hint a very challenging and meaningful method
for reducing the computation of Boolean network to make it
applicable.
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APPENDIX

We review the method proposed in [13], [14] to split a
directed network into two subnetworks: Assume the network
consists of n nodes. Let A be the adjacent matrix, k" the
in-degree of i-th node, k?ut the out-degree of i-th node,

s = [s1, 8], where s; € {—1.1}, which corresponds
a partition as:

G1={ils; =1}, and Gs = {ils; = —1}.
Set

m = ik‘?ut = ikin = ZAZJ
i=1 i=1 ]

Then we define the modularity as

pinout
Q(s) = 52 | Ay — | (sis; +1)
" . (32)
) in jout
= 3w | A — T ] siss

The method proposed by [14] is to find the best s which
maximize (). Denote

kin k(_)llt
i Yy

Bij = Aij — (33)

m

Then (32) can be expressed in a quadratic form as
Q(s) = s’ Bs. (34)

Since the graph is directed, B is not symmetric. However, to
maximize (34) is equivalent to maximize

Q(s) =s"(B+ B")s, (35)

and B + BT is manifestly symmetric, thus all of its eigen-
values are real.

To find the best split, we need to find the maximum
eigenvalue i, of s*(B + BT)s. If p,, > 0, we can find

its corresponding eigenvector u. Then set
1, U; 2 0
S; =
—1, u; < 0.

(When p,, < 0, the network is indivisible.) For the second

division for sub-network G, we need to consider

1
AQ = o Z (Bi,j + Bj,i) — 5LJ Z(Bi,k + Bk,z‘) ;8

BIEG keG
L 7
[ p— B(G) B(G)T
2m8 ( T )$,
(36)

where

a 1
Bz‘(,j) =B;; — 551'3' (Bii; + B,i)-
keG
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